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A  simple  geometrical  analysis  has-been  developed  which  describes  the 
lowest-order  transverse  mode  in  an  arbitrary  unstable  optical  resonator' 
of  large  Fresnel  number.  The  lowest  mode  is  assumed  to  consist  of  two- 
oppositely  traveling  spherical  waves  which  unifornil.y  Illuminate  the  two 
end  mirrors.  The  centers  of  curvature  of  these  two  waves  (which  are  not  " 
in  general  the  mirror  centers  of  curvature)  are  found  by  requiring  that 
each  center  be  the  image  of  the  other  upon  reflection  from  the  appropriate 
spherical  end  mirror.  The  resonator  losses,  found'  from  simple  geometrical 
considerations,  are  given  by  simple  analytical  expressions  and  are  entirely 
independent  of  the  mirror  sizes.  The  equi-loss  contours  on  the  usual  mode 
chart  are  hyperbolae .  The  present  results  agree  well  with  more  exact  results 
calculated  by  Fox  and  Li  for  the  unstable  case,  and  with  experimental  results 
on  a  ruby  laser  having  a  divergent  spherical  surface  ground  directly  onto 
the  ruby  rod.  Unstable  resonators  of  this  type  appear  potentially  useful 
for  transverse  mode  control  and  for  diffraction  output  coupling. 
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INTRODUCTION 


Two  flat  or  curved  mirror  surfaces  erected  facing  each  other  form  an 

optical  resonator  or  resonant  cavity..  Resonators  of  this  type  have  been 

1-15 

extensively  studied  recently  “because  of  their  Importance  In  laser  ap¬ 
plications.'  The.  properties  of  such  resonators  are  found  to  depend  strongly 
in  particular ’"upon  the- mirror  cxirvatures  relative  to  the  mirror  spacing. 

If  the  spacing  bet'ween  the  two  mirrors  Is  L  and  the  mirror  radii  of 

■■■  -curvature  are  R.  and  R  as  shown  in  the  sketch  of  Fig.  1,  it  has  been 
■  J-  2  • 

found  to  be  convenient  to  define  the  normalized  curvature  or  g  '  parameters 

g^  .=  1  -  h/R^  >  .  gg  =1  -  L/Rg  • 

The  mode  properties  of  optical  resonators  can  then  be  summarized  on 

the  mode  chart  shown  In  Fig.  'I,.-  where  any  given  resonator  is  represented 

'  3  6 

by  a  single  point  somewhere  on  the  chart. 

The  mode  chart  is  divided  into  stable  (shaded) and  unstable  regions. 

The  analytic  condition  . 

0  1  Si  %  5  1 

defines  the  shaded  stable  region.  It  is  well  established  that  if  a  re¬ 
sonator  lies  well  within  the  shaded  stable  region,  its  resonant  modes 
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P’lG.  1--A  general  optical  resonator  and  the  relevant  mode  chart  which 
Gummarizes  the  mode  stability  properties.  Resonators  with  g 
values  well  inside  the  shaded  region  are  stjfible  or  low-loss; 
those  well  outside  are  unstable  and  have  high  losses. 


can  be  found  from  a  relatively  exact  closed-form  analysis..  The  lowest - 
order  resonant  modes  are,  In  general,  narrowly  confined  along  the  axis 
of  the  resonator,  the  modes  haying  gausslan  transverse  amplitude  varia¬ 
tions.  The  diffraction  losses  of  such  modes,  i.e.,  the  energy  losses  due 
to  energy  leakage  out  the  sides  or  past  the  mirror  edges,  are  generally 
very  small. 

Doth  the  transverse  dimensions  Of  the  modes  and  their  diffraction 
losses  Increase  for  resonators  located  near  or  on.  the  stable-region 
boundaries  of  the  mode  chart.  The  integral  equations  . governing  the  re¬ 
sonant  modes  must  then  be'  solved  either  by  iterative-  numerical  computa- 

1-h  1]  15  ' 

tions  or  by  various  analytic  expansions.,  -In -general,  and  speaking 

very  roughly,  the  resonant  modes  are  somewhat  like  the, resonant  waveguide 
modes  which  would  appear  if  the  resonator  had . conducting  instead  of  open 
sides;  and  the  diffraction  losses  increase  rapidly  as  one  passes  through 
the  stable-unstable  boundary. 

The  chief  contribution  of  this  paper  is.  a  simple  analysis,  ba.sed-  on 
purely  gooinotrlcal  optical  consideratlon.s,  which  predicts  the  lowcst-order 
mode  and  its  diffraction  loss  for  large-Fresnel-number  resonators  located 
in  the  unstable  region  of  the  mode  chart.  The  results  of’ this  analysis 
connect  smoothly  with  the  limited  number  of  results  which  have  been  ob¬ 
tained  previously,  using  iterative  numerical  procedures,  for  modes  on  the 

It 

stable -un.stab.le  boundary.  In  generaj.,  the  diffracticn  losses  in  the 
unstable  region  turn  out  to  be  sizable,  although  not  necessarily  intolerable 

There  is  .some  practical  Interest  in  uns'table  resonators  for  laser 
applications.  As  a  general  principle,  in  order  to  obtain  transverse  mode 
selection,  i.e.,  in  order  to  obtain  o.scillation  in  a  single  lowest-order 
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transverse  mode  pattern,  one  must  have  sizable  diffraction  losses.  Other 
loss  mechanisms  such  as  scattering  and  reflection  are  eBBentiall,Y  the  same 
for  all  modes,  only  the  diffraction  losses  being  different  for  different 
transverse  modes.  Hence,  mode  selection  is  obtained  only  if  diffraction 
losses  form  a  significant  fraction  of  the  total  losses.  This  can  be 
achieved  in  practice  by  using  a  stable  resonator  with  small  enough  mlrror.s, 
or  by  using  a  resonator  located  in  (but  not  too  far  into)  the  unstable 
region. 

It  has  also  been  pointed  out  recently  that  efficient  output  coupling 

from  a  laser  can  be  obtained  by  means  of  diffraction,  coupling, .  i. e. ,  by 

employing  the  diffracted  energy  output  from  a  laser  resonator  as  ..the  useful 
3L  ^ 

output.  High  gain  lasers  require  relatively  heavy  output  coupling,  i.e., 
relatively  large  diffraction  losses,  such  as  are  obtained  in  the  unstable 
region.  Wc  viil  present  at  tlie  end  .of  this  paper  some  experimental  results 
for  a  ruby  laser  employing  nn  urrstable  resonator  vhich  verify  the  present 
tlieory.and  also  illustrate,  useful  ways  in  v;hich  diffraction  coupling  can 
be  employed  with  a  ruby  or  other  higli-gain  laser. 


ANALYSIS 


We  vill  carry  out  the  analysis  using  the  geometry  of  Fig.  2.  The 
general  approach  can  be  outlined  as  follows.  We  hypothesize  that  the  : 
right-going  wave  leaving  mirror  is  a  spherical  wave  of  uniform 

Intensity  whose  virtual  center  lies  at  point  (which  is  not  in  general 

the  center  of  curvature  of  this  mirror).  This  wave  strikes  and  uniformly 
illuminates  the  second  mirror  ,  from  which  a  fraction  of  the  original 

energy  is  reflected  as  a  left-going  uniform  spherical  wave  coming  from  the 
virtual  center  Pg  .  This  wave  in  turn  must  illuminate  mirror  and 

be  reflected  as  if  it  had  come  from  the  original  center  P^  thus  closing 
the  loop.  The  positions  of  the  hypothetical  virtual  centers  P^  and  Pg 
are  found  by  requiring  self-concistency,  i.e.,  by  requj.ring  that  each  virtual 
center  be  the  image  of  the  other  upon  reflection  in  the  appropriate  spherical 
mirror.  We  will  discuss  the  justification  for  the  assumption  of  uniform 
illumination  in  a  later  paragraph. 

The  positions  of  P^^  and  P^  relative  to  the  mirrors  are  measured 
in  terms  of  the  mirror  spacing  L  by  the  dimensionless  factors  r^  and 
Tg  as  shown  in  Fig.  2.  These  quantities  are  taken  positive  for  outward 
displacements  as  shown,  and  negative  for  inward  displacements.  According 
to  the  sign  convention  used  in  resonator  analyses,  the  mirror  radii  of 
curvature  and  Rg  are  negative  numbers  for  outward  curvatures,  such 

2.  Tlie  requirements  that  P^  and  Pg  be  each 


as  those  shown  in  Fig. 


fG.  2"~Geoinetry  used  in  analysing  the  unstable  optical  resonator 

case..  The  points  and  Pg  are  the  centers  of  curvature 

of  the  spherical  wavefronts;  these  in  general  do  not  coincide 
with  the  centers  of  curvatu.rc  of  the  mirrors. 
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other's  images  in  the  respective  spherical  surfaces  are  then  expressed  by 
the  basic  lens  laws 


ri  r^  +  1 


2L 


rg  r^  +  1 


=  2  (g  -  1) 


Simultaneous  solution  of  these  two  equations  Immediately  yields  the 
results 


o  -1  -1 

-  «1  -  Ss 


-~\J^  -  (gjgg)"'^'  -  1  +  Sp^ 

2  -  -  Ep^ 


Further  examination  chows  that  only  the  upper  sign  before  the  radical 
represehtc  a -stable  solution,  in  the  sense  that  if  one  considers  a  small 
axial  displacement  of  the  position  of  one  of  the  virtual  centers  Hv;ay 
from  the  steady-state  values  above,  then,  this  small  dicplucement  will 
decrease  with  succeeclvo  bounces  for  the  upper  sign,  bub  will  increase 
v/ith  successive  bounces  for  the  lov/er  sign.  Therefore,  we  consider  only 
the  upper  sign. 
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The  results  just  obtained  are  valid  for  the  unstable  regions  in  all 
qi adrants  of  the  mode  chart,  with  and/or  r^  becoming  negative  out¬ 

side  the  first  quadrant.  Figure  3  Illustrates  some  of  the  resulting 
mode  patterns  for  unstable  resonators  in  various  quadrants  of  the  mode 
chart . 

If  ue  consider  as  a  typical  example  the  symmetric  case  =  gg  =  g  , 

the  distance  from  the  center  of  the  resonator  to  either  of  the  virtual 
centers  can  be  written  in  physical  terms  as 

r^L  +  l/2  =  |r|l/2  +  (l/2)^' 

«  |r|l/2'  ,  IbI  »  L 

where  we  o,r.sumc  that  the  radius  of  curvntnrc  |r|  will  norma.lly  be  much 
larger  than  the  length  L  of  the  laser  cavity.  It  appears  that  the  dis¬ 
tance  to  the  virtual  center  l.s  roughly  the  geometric  mean  of  the  radius 
of  curvature  and  half  the  resonator  length. 

Wc  have,  iinpllcitly  assumed  in  the  above  analysis  that  the  mirror,, 
dimension.';  are  Large  compared  to  an  optical  v;avelength.  Tn  addition, 

'.'c  a.couinc  tliat  the  Fresnel  number  11  commonly  defined  in  resonator  anal¬ 
yses  in  also  largo.  Tf  n  mirror's  transverse  dimension  is  2a  (i.e.,  a 

strip  of  width  2a  or  o  disc  of  diameter  2a),  the  Fresnel  numbei’  is  de- 

2 

fined  a!j  N  =  a  /lA.  .  We  assume  N  »  1  .  In  phy.sical  terms,  this  means 

that  the  number  of  Frc.sncl  y.oncn  subtended  by  one  mirror  a.s  seen  from  the 

other  mirror  surface  i.s  large. 
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b’lG.  3--Some  typical  mode  patterns  illustrating  the  unstahle  mode  hehavior  in  different  unstable 
regions  of  the  mode  chart. 


Within  this  assumption,  it  appears  reasonable  to  assume  uniform 
illumination  of  both  mirrors,  as  illustrated  in  the  sketches  already 
given.  It  is  clear  that  uniform  illumination  of  either  mirror  -will 
lead  in  turn  to  uniform  Illumination  of  the  other  mirror,  except  for 
diffraction  effects  due  to  the  finite  size  of  the  first  mirror.  The 
large  Fresnel  number  assumption  means  that  such  diffraction  effects  will 
be  small .. 


DIFFRACTION  LOSSES 

The  energy  loss  per  bounce  in  these  unstable  resonators  ve  obtain 
from  a  simple  geometrical  calculation  of  how  much  of  the  energy  leaving 
one  mirror  misses  striking  the  other  mirror.  Ve  refer  to  these  losses 
as  diffraction  losses  even  though  It  is  clear  that  they  are  basically 
geometrical  in  origin.  Diffraction  in  its  usual  sense  plays  no  role, 
its  chief  effect  being  to  cause  some  slight  diffraction  modification  of 
the  outer  edge's  of  the  conical  wave  patterns,  an  effect  which  is  ignored 
by  the  present  analysis.  The  main  justification  for  our  terminology  is 
that  t]ie  losses  calculated  here  connect  smoothly  with  the  losses  in  stable 
or  nearly  stable  resonator's,  which  are  clearly  the  result  of  diffraction 
effects. 

Assuming  that  a  wave  of  unit  intensity  leaves  mirror  ,  we  will 

use  to  denote  the  fraction  of  its  total  energy  reflected  by  mirror 

Mg  ,  and  (l  ~  to  denote  the  fraction  which  is  lost.  Similarly, 

Pg  is  the  fraction  reflected  from  when  unit  intensity  leaves 

The  fractional  intensity  returning  to  either  mirror  after  a  complete 

2 

round  trip  is  thus  P  =  I’-j^Pg 
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'  •  ■ '  .  '  j 

There  ai’e  several  possible  ways  to  define  the  "average  power  loss 
per  bounce/'  which  we  will  denote  by  S  ^  in  an  asymmetric  resonator 
where  the  losses  at  the  two  ends  may  not  be  the  same.,  For  example,  one 

I 

reasonable  definition  might  be  the  average  of  the  two  fractional  losses, 

.  ■  "  ''i 

i.e.,  ■  ■  „i 

B  =  i  [(1  -  r^)  +  (1  ...  Tg)]  . 

Alternatively,  since  the  fractional  power  transmission  in  one  round  trip 

■p  ’  . 

is  r.  =  f  fractional  power  loss  is  1  minus.' this,  and  dividing  ..  ..  .  ^ 

this  equally  among  the  bwo  bounces  in  a  round  trip  gives 

6  =  I  (1  -  =  I  (1  .  r^)  . .. 

Finally,  we  note  that  if  the  one-way  power  gain  along  a  laser  is  denoted  . 
by  G  ,  then  the  threshold, condition  for  laser  oscillation  is 

=.,G^  •=:  1  .  if  this  is  written  as  G(r^rg)^/^.  =  GT  =  1  ,  it 

is  clear  that  the  average  fractional  tranomlcsion  per  pass  is  P  and 
hence  the  average  power  loss  per  pass  should  be  defined  as 

5  =  (I  -  P)  =  [1  -  (P^rg)V2]  . 

For  small  fractional  losses  per  bounce,  these  three  definitions  are 
essentially  equivalent,  but  they  differ  signiflcanti.y  for  large  losses 
per  bounce.  Since  the  third  of  the  above  definitions  seems  to  be  the 
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most  meaningful  for  laser  discussions^  It  Is  the  one  we  -will  employ  In' 
plotting  our  results.  'Phis  Is  also  the  definition  employed  hy  Fox  and 


¥e  consider  first  the  strip  mirror  case  in  which  the  two  mirrors  are 
long  parallel  strips  of  infinite  length  and  given  width,  with  curvatures 
as  indicated  in  the  width  direction  only, '  It  can  then  be  shown  from 
simple  geometrical  considerations  that  the  round-trip  fractional  energy 
transmission  is  given  by 


strip 


=  r  r 

12 


+ 


(r^ .+  ,l)(  rg  +  1) 


This  expressi.on  does  not  contain  any  mirror  sizes,  and  in  fact  detailed 
examination  shows  that  the  diffraction  losses  in  the  unstable  region  are 
entirely  Independent  of  ini rr or  sizes,  even  in  cases  where  one  mirror  is 
sufficiently  large  so  that,  it  is  not  fully  illuminated  and  all  of  the 
losEfis  are.  at  the  opposite  end  as  in  one  of  . the  sketches  j.n  Fig.'  3*  The 

,  P  ... 

upper . sign  in  the  F'  expression  is  valid, for  g  values  in  the’unstable 
portions  of  the  first  and  third  quadrants  of  the  mode  chart,,,  and  the 
lower  sign  is  valid,,  in  the  other  two  quadrants. 

Substitution  of  the,  expressions  for  r^  and  r^  leads  to  the  general 
result 


strip 


+ 


1 


(g^Sg)"'^ 


12 


with  the  same  comments  cpncernliag  signs.  For  the  case  of  circular  mirrors 
or  discs,  equally  simple  geometrical  considerations  lead  to  the  result 


disc 


=  r 


strip 


again  Independent  of  the  sizes  of  the  discs.  It  seems  very  likely  in 
fact  that  these  results  hold  for  any  arbitrary  mirror  shape.  It  would 
be  a  trivial  exercise  to  extend  these  results  to  mirrors  having  different 
radii  of  curvature  in  two  transverse  directions.  One  can  hypothesize 
that  the  resulting  transmission  would  be 


*■  general 


’'l  ^1  ^2  ^2 


(rj:  +  l)(r^  +  l)(r^  +  l)(r"  +  l) 


where  the  primed  and  double-^primed  r  values  would  correpond  to  the 
radii  of  curvature  and  the  associated  g  values  in  the  two  transverse  ^ 
directions,  using  the  same  formulae  as  above  to  calculate  the  r  values', 
in  terms  of  the  g  values. 

Figures  4  and  5  summarize  the  average  diffraction  .losses  per  bounce 
vs  g  for  the  two  cases  of  a  symmetric  resonator  with  g^^  =  gg  =  g  • 

In  order  to  compare  these  results  with  earlier  results  we  have  reproduced 
in  Fig.  6  some  results  for  diffraction  losses  vs  Fresnel  number  N  for 
several  stable  and  unstable  values  of  g  obtained  by  Fox  and  Li  using 

4 

theii'  iterative  computer  procedure.  The  dashed  lines  which  have  been 
added  to  the  figure  are  the  resul.ts  predicted  by  the  present  analysis. 
There  appears  to  be  good  agreement  between  our  results  and  the  asymptotic 
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FIG.  4" -Average  loss  per  boimce.  as  defined  in  the  text,  vs.  mirror  cnrvature  for 
synnaetric  'unstable  optical' resonator. 


R  /  L 


FIG.  5--Average  loss  per  bounce  vs .  mirror  curvature  for  a  half-symmetric  unstable 
optical  resonator. 


POWER  LOSS  IN  PERCENT 


PTG.  .  6.--Ths  solid  curves,  which  are  exact  results  for.  the.  xafiilite  strip 
mirror  case  for  various  .  g  values,  were  obtained  by  Fox  and  Li 
using  their  iterative  numerical  .approach.  The  dashed  lines  are 
results  of  the  present  analysis  for  the  unstable  g  .  values  'I.05 
.  '  1,1,  and  1.2. 


values  approached  by  the  Fox  and  Li  results  at  large  N  values.  It  seems 
very  likely  that  the  periodic  ripples  as  a  function  of  which  can  be 
seen  in  the  Fox  and  Li  results  arise  from  the  diffraction  effects  which 
are  not  included  in  the  present  analysis. 

One  can  also  solve  for  the  contours  of  constant  loss  in  the  g 
plane  by  writing 

^  “  (S2.g2^  ^  „ 

.  ^  j - — - ^ ^  ?  . 

1+-W1 

where  C  =  T  for  the  strip  caSe  and  P  for  the  disc  case.  Inverting 
this  expression  then  leads  to  the  result 

(1.*  c)^ 

The  .constant  loss  contours  are  hyperbolae,  as  shown  in  Fig.  7^  where  . 
the  contours  are  labeled  by  the  average  loss  per  pass  for  the  infinite 
strip  mirror  case.' 

We  should  comment  at  this  point  that  although  sizable  diffraction 
losses  are  generally  necessary  in  order  to  obtain  transverse  mode  selec¬ 
tion,  it  is  by  no  means  certain  that  the  large  losses  we  have  calculated 
for  the  unstable  region  will  guarantee  transverse  mode  selection.  Indeed, 
it  can  be  argued  that  because  these  losses  are  primarily  geometrical  in 
nature,  therefore  these  diffraction  losses  will  be  very  nearly  the  same 
for  the  lowest-order  and  higher -order  transverse  modes,  thus  giving 
little  or  no  transverse  mode  selection.  This  question  remains  to  be 
settled  by  experiment  or  by  more  refined  analyses. 
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EXPERIMENTAL  RESULTS 

Experiments  on  an  unstable  laser  resonator  have  been  carried  out 
using  a  ruby  laser  rod  which  was  ground  with  one  flat  end  surface  and 
one  divergent  spherical  end  s’orface,  in  the  manner  of  Fig.  5-  The  results 
are  in  good  agreement  with  the  present  theory.  The  ruby  rod  is  5  CW  long 
by  6.35  inra  in  diameter with  a  radius  of  .curvature  'R.  =  1  meter  on.  the 
divergent  curved  end.  The  curved  surface  was  ground  directly  on  the  rod, 
using  brass  and  then  copper  convex  laps  of  I5  cm  diameter  which  had  been  ,, 
machined  to  the  1  meter  radius  of  curvature.  ■  ¥e  elected  to  grind  the 
divergent  surface  directly  on  the  laser  rod,  rather  than  taking  the, 
possibly  easier  course  of  using  external  reflectors,  in  order  to  avoid' 
possible  difficulties  with  tnultiplc  reflections,  and  also  because  the  end 
result  is  a  resonator  structure  which  is  as  simple  and  rugged  as  the  ruby 
rod  itself.  This  rod  was. prepared  before  the  present  theory  had  been 
developed.  The  value,  of  r/l  ■=  20  which  we  selected  results  in  a  loss 
per  bounce  of  ~  35^"  j  which  is  perhaps  rather  more  than  is  desirable . 
Lov;sr  loss  rods  are  now  being  prepared. 

Proper  alignment  of  the  laser  rod  ends  was  determined  using  the 
technique  sketched  in  Fig,  8.  A  colliinated  gas  laser  beam  is  reflected 
at  normal  incidence  from  the  unsilvered  fj  nt  (flat)  face  and  also  from 
the  silvered  back  (curved)  face  of  the  ruby  rod.  Two  spots'  and  Sg 

representing  the  reflections  from  these  two  surfaces  can  then  be  observed 
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OBSERVED 
SPOTS 
ON  SCREEN 


PIG.  8--Experimental  technique  used- to  mea.eur'fe  the  alignment 
of  the  end  surfaces  of  the  divergent-end  lase.r  rod. 


-  20 


on  a  distant  screen,  with  interference  rings  simll.ar  to  Newton's  rings 
present  in  the  overlapping  region  of  the  two  spots.  Coincident  centering 
of  the  two  spots  indicates  proper  alignment  of  the  two  faces. 

We  give  in  the  next  few  paragraphs  some  further  details  of  the  align¬ 
ment  measurement  procedure  for  those  readers  who  may  find  this  information 
useful.  Figure  9  shows  in  more  detail  (and  with  considerable  exaggeration) 
the  geometry  necessary  in  discussing  alignment  of  the  rod  ends.  As  shown, 
a  principal  optic  axis  OP  Is  erected  in  the  center  of  the  front  face  of  the 
laser  rod  and  normal  to  this  face.  All  coordinates  are  measured  relative 
to  the  origin  0  .As  illustrated  in  the  sketch,  the  barrel  of  the  laser 
rod  may  be  slightly  skew  with  respect  to  the  optic  axis  OP  .  This  is 
essentially  Irrelevant  to  the  alignment  of  the  rod  faces.  In  the  general 
case,  the  center  of  curvature  Q  of  the  curved  laser  end  is  displaced 
transversely  from  the  optic  axis  OP  by  an  amount  b  ,  so  that  the 
coordinates  of  point  Q  are  [-(R  +  L)  ,  -  b] 

A  collimated  gas  laser  wavefront  reflected  at  normal  incidence  from 
the  front  face  of  the  rod  will  create  on  a  screen  placed  at  distance  D  , 
from  the  front  face  a  spot  of  the  same  size  as  the  laser  rod  and 

with  its  center  on  the  axis  OP  .  The  portion  of  the  same  Incident 

plane  wavefront  which  is  transmitted  down  the  laser  rod  will  reflect  from 
the  curved  back  face  of  the  laser  rod  as  a  spherical  wave  diverging  from 
the  point  Q'  ,  whose  coordinates  are  [-(r/2  +  L)  ,  -  b]  .  However, 
due  to  refraction  at  thi^  front  face  of  the  laser  rod,  the  spherical  wave- 
front  emerging  outside  the  rod  will  appear  to  come  from  the  virtual  center 
q"  ,  whose  coordinates  are  [-  nQ^(R/2  +  L)  ,  -  b]  where  n^  =  1.T6  Is 
the  index  of  refraction  of  ruby.  This  spherical  wave,  which  is  apertured 
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FIG. 


9--Geom8try  used  to  discucc  alignment  of  the 
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by  the  front  face  of  the  ruby  rod,  will  produce  on  the  screen  a  larger 
spot  Sg  whose  center  Is  point  Cg  ■  (We  are  assuming  small  angles 
throughout  this  discussion.  Also,  it  is  not  difficult  to  demonstrate  that 
the  conclusions  reached  here  will  remain  valid  even  though  the  monitoring 
gas  laser  beam  strikes  the  front  rod  surface  at  slightly  away  from  normal 
incidence . ) 

From  elementary  geometry,  the  diameter  dg  =  Sag  of  the  large  spot 
Sg  should  Increase  linearly  vmth  the  screen  distance  D  according  to 
the  expression 


2a. 


(p/2  +  l;  +  D 


n,;^  (R/2 


2a 


where  d  =  2a  in  the  diameter  ol’  the  Laser  rod.  I’xpjeri mental  verification 
of  this  rcl-ntionstiip  over  distances  I)  from  1  to  '>  meters  .served  as  one 
verification  of  the  radius  of  curvatuj-e  B  actually  obtained  on  our  laser 
rod . 

In  addition,  the  two  center;;  and  arc  displaced  from  each 

other  by  an  amount  given  by 
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D 


—  b 
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froni  the  spot  pattern  yields  the  desired  offset 
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Measurement  of  a. 


value  b 


which  should  approach  aero  for  perfect  alignment.  The  relation- 


indicatcB  that  the  offset  of  the  small  spot  Inside  the  large  spot 

Sg  on  a  distant  sci'een  is  in  direct  proportion  to  the  offset  of  the  center 
of  curvature  Q  inside  the  projected  front  face  of  the  laser  rod. 

When  first  ground,  our  la.ser  rod  had  its  center  of  curvature  located 
outside  the  projected  lasei’  front  face-,  giving  two  completely  non -overlapping 
spots  on  a  distant  scioon  This  v/as  corrc.-ctod  by  re -polishing  a  slight 
tilt  on  the  flat  front  face  rather  than  by  attempting  to  correct  the  curved 
end.  Figure  10  .chows  two  (uaimples  of  the  resulting  spot  patterns  on  photo¬ 
graphic  films  located  at  di .stances  of  U  ^  I  meter  and  D  3  meters. 

The  larger  photogx'aph  har;  been  somewhat  over-expo.ocd  to  bring  out  the 
v/eaker  large  spot  reflected  from  the  back  .surface  of  the  laser  rod.  This 
spot  exhibits  a  .subetantlaJ.  .amount  of  random  structure,  presumably  due  to 
the  optical  inliomogeneity  of  the  laser  rod  which  thl.s  light  has  twice 
traversed  This  photograph  indicates  that  the  center  of  curvature  of  the 
curved  end  is  offset  from  the  optic  axis  oI‘  tnc  rod  by  roughly  20^^  of  the 
rod  x’adlus  a 
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FIG.  10--Two  photographs  of  the  spot  patterns,  obtained  by  replacing 
the  screen  in  Fig.  8  with  a  photographic  film.  Larger  photo 
graph;  D  «  3  meters,  over-exposed.  Smaller  photograph: 

D  1  meter,  under-exposed. 
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The  smaller  photograph  iii  Fig.  10,  taken  at  a  smaller  distance  D  , 
has  been  somewhat  under-exposed  to  emphasize  the  interference  rings  which 
are  observed  in  the  overlap  region  of  the  two  spots.  These  rings  result 
from  Interference  between  the  plane  wave  reflected  from  the  front  face 
of  the  rod  and  the  spherical  wave  reflected  from  the  hack  face.  Figure  9 
makes  clear  that  these  rings  should  be  centered  on  the  line  QQ'Q"  and 
that  the  center  of  the  rings  should  be  offset  inside  the  smaller  spot 
by  the  amount  b  .  The  radii  of  any  two  successive  rings  should  obey 
the  relationship 


Vi  -  \  +  "o"  (a/2+  i.)li  , 

where  1  is  the  gas  laser  wavelength.  The  visibility  or  the  finesse  of 
these  rings  might  conceivably  be  used  to  deternd.ne  the  optical  quality  of 
the  laser  I’esonator,  including  optical  inhomogeneities  in  the  rod,  although 
this  possibility  was  not  explored  in  our  experiments.  During  alignment 
a  smoothly  continuous  expansion  or  contraction  of  these  rings  could  readily 
be  Induced  by  sl.Lghtly  hea,ting  or  cooling  the  laser  rod,  for  example  by 
touching  it  briefly  with  a  finger. 

After  alignment,  the  laser  rod  was  heavily  silvered  on  both  ends  and 
tested  using  a  conventional  laser  pump  configuration  with  an  FT-524  flash- 
tube  and  surrounding  MgO  reflector.  No  laser  action  could  be  obtained  at 
room  temperature  with  pump  energies  up  to  at  least  1200  jouJ-es,  reflecting 
perhaps  the  sizable  diffraction  losses  of  this  configuration.  At  77°K 
strong  laser  action  was  obtained  with  a  threshold  of  ~  500  joules,  or 
approximately  the  same  value  as  threshold  for  this  rod  with  more  conventional 
end  surfaces. 
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This  particular  rod  had  smoothly  polished  side  walls.  At  pump  levels 
~  20^  above  the  first  threshold  a  number  of  effects  oceured  indicating 
the  onset  of  a  second  type  of  oscillation.  These  second  oscillations  we 
believe  to  be  some  type  of  light-pipe  mode  of  oscillation  Involving  total 
internal  reflection  off  the  polished  side  walls,  as  previously  observed 
by  others. These  effects  have  also  been  observed  previously  with 
the  same  rod  in  other  configurations.  Measurements  for  the  present  dis¬ 
cussion  were  not  significantly  affected  by  these  oscillations. 

The  ouhput  through  the  flat. fully  silvered  end  of  the  laser  rod  at 
T7°K  was  focused  to  a  spot  with  two  different  lenses  of  different  focal 
lengths,  in  order  to  determine  the  virtual  center  of  the  output  waves  by 
measurement  of  the  axial  position  of  the  focused  spot.  For  our  configura¬ 
tion,  the  virtual  center  of  tlu,  output  wave,  Including  the  effect 

of  refraction  at  the  output  face,  should  be  located  behind  the  flat  output 
face  by  a  distance 

V(IR  I  =  13.2  cm  „ 

One  measurement  using  a  lent;  oi'  65  cm,  focal  length  gave  an  experimental 
value  of  l'i.6  ±  2.0  cm  ,  while  a  second  measurement  using  a  lens  of  28  cm 
focal  length  gave  a  value  of  13.O  i  I.3  cm.  Both  results  are  thus  in  good 
agreement  with  the  theory. 

Measurements  of  the  output  Inten-slty  distribution  across  the  flat  end 
of  the  fully  silvered  laser  rod  were  made  by  taking  repeated  photographs 
of  the  face  at  t..c  same  pump  level  with  successively  darker  neutral  density 
filters  Inserted.  The  laser  intensity  was  generally  uniform  across  the  face, 
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and  darkened  imlformly  in  successive  photographs.  There  was  a  random 
but  reproducible  fine  structure  to  the  light  intensity  which  may  be  due 
to  structure  in  the  silver  coating  or  to  inhomogeneitles  in  the  ruby  itself. 
The  laser  action  was  limited  to  a  circular  region  filling  the  central  75^ 
to  OO^  of  the  laser  rod.  This  fact  may  be  due  to  the  well-known  focusing 
of  the  pump  light  into  the  central  6o^  of  the  ruby  rod's  cross-section, 
or  it  may  be  caused  in  some  way  by  reflection  from  the  polished  sides  of 
the  rod.  There  is  every  reason  to  expect  .sopie  sort  of  anomalous  effects 
due  to  side-wall  reflection  in  a  polished  unstable  rod  when  both  ends  are 
fully  silvered. 

Figure  11  shows  what  would  seem  to  be  a  near-optimum  configuration  for 
a  diffraction-coupled  unstable-resonator  ruby  rod.  Both  end  mirrors  in 
this  case  are  Intended  to  be  ac  nearly  totally  reflecting  mirrors  as  pos¬ 
sible.  The  mirror  on  one  end  is  made  lax’ger  than  the  spot  size  on  that 
end..  The  laser's  useful  output  is  then  the  dlff x’action-coupled  output 
in  the  annular  ring  of  laser  j-adiation  escaping  pact  the  other  end.  This 
configuration  gives  a  mode  volume  v/hich  is  a  large  fraction  of  the  available 
volume  of  the  ruby  rod,  v/hile  at  the  same  time  the  smaller  mirror’s  size 
can  be  adjusted  so  as  to  just  avoid  any  contact  of  the  oscillating  fields 

with  the  side  walls  of  the  laser  rod,  whether  these  walls  Eire  polished  or 

l6 

rough.  Ac  has  been  pointed  out,"^  although  the  hear -field  output  in  a 
case  like  this  i.s  nn  annular  ring,  the  far-field  pattern  .still  contains 
a  major  lobe  directly  on  axis. 

nince  the  output  wave  is  a  divergent  spherical  wave,  colllmation  of 
this  v;avc  by  a  -lens  will  be  required  to  obtain  a  beam  of  minimum  divergence. 
One  can  envision  the  possibility  of  grinding  the  necessary  curvature  for 
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colllmat'jion  directly  on  the  ^uby  rod  in  the  annular  region  outside  the 
spotj  thus  eliminating  the  need  for  any  external  lens. 

Experiments  vere  conducted  on  our  ruby  rod  with  various  smaller 
mirrors  placed  on  the  flat  output  face  in  the  manner  of  Pig.  11.  Figures  12 
and  13  illustrate  the  resulting  output  intensities  on  the  flat  end  of  the 
rod.  The  upper  left-hand  photograph  in  each  case  is  taken  below  threshold, 
using  the  pump  light  for  illumination  but  with  a  narrowband  filter  centered 
at  the  ruby  v/avelength  inserted  before  the  camera,  so  that  the  photograph 
is  effectively  taken  using  69OOA  light.  The  three  succeeding  photogx-aphs 
in  each  case  are  taken  at  roughly  10^  ,  hofj}  and  110^  above  threshold,  with 
appropriate  neutral  density  filters  inserted.  No  effects  due  to  the  second 
type  of  oscillation  mentioned  above  were  noted  in  these  sequences;  whether 
this  second  oscillation  actually  occured  i.s  uncertain,  since  we  did  not 
look  for  any  of  the  other  effects  it  usually  causes. 

The  camera  .in  all  cases  is  focused  directly  on  the  front  face  of  the 
laser  rod.  The  silver  spot  in  Fig.  12  is  2.^4  mm  in  diameter  (40^  of  the 
rod  diameter )  and  in  Fig.  I3  is  3-2  mm  in  diameter  (50^  of  'the  rod  diameter) 
The  surrounding  gray  spot  in  the.  upper  left  photographs  is  Interpreted  to 
be  the  more  distant  and  out-of-focus  image  of  the  same  silver  spot  as 
seen  reflected  in  the  curved  and  fully  silvered  back  face  of  the  rod. 

The  spot  in  Fig.  12  ls_  apparently  slightly  off-center  with  respect  to  tho 
center  of  curvatiure  of  the  back  face.  Several  clam-shell  chips  at  the 
edges  of  the  front  face  of  the  rod  are  apparent  in  the  photographs. 

The  existence  of  the  predicted  halo  or  diffraction-coupled  annular 
ring  of  laser  light  around  the  silver  spot  is  clearly  evident  in  these 
photographs.  The  ratio  of  the  outer  dintneter  of  laser  action  to  silver 
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FIG.  12-"Photographs  of  the  output  end  of  a, ruby  rod  having  the  unstable 
diffraction-coupled  resonator  configuration  shoun  in  Fig.  11. 

Top  left:  below  threshold,  showing  the  2-l/2  mm  diameter  silver 
spot,  plus  its  mirror  image  in  the  opposite  end.  Succeeding 
three  photographs:  laser  output  at  10^,  ^0^  and  110^  above 
threshold. 


FIG.  l3-"Same  as  preceding  figure  except  that  the  sliver 
in  diameter  (l/2  the  rod  diameter)  and  somewhal, 
bn  the  rod. 
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.1  diiiiiieter  predicted  for  this  rod  by  the  present  analysis  is  1.55* 

experimental  values,  as  well  as  they  can  be  determined  from  these  photo- 
”  ‘Phn,  are  ~  1.5  for  Fig.  12  and  1.35  to  1.15  for  Fig.  13,  both  of  v;hich 
■ogardod  as  Indicating  good  agreement  with  theory.  The  slight  discrepancy 
t  i  Iff,  13  may  be  due  to  nonuniform  pumping  effects  in  the  ruby  rod  to  a 
nuliih(!i'  of  other  causes  or  simply  to  the  experimental  inaccuracy  in  these 
iiic/i.i'.iu'crnents.  Note  that  the  gross  size  and  structure  of  the  patterns  does 
nth,  change  from  near  threshold  to  more  than  twice  threshold.  The  fine 
structure  in  the  light  output  does  change  to  some  extent.  Thi,  .■'ay  be 
I'lUn  1.11  jv-ii'l  to  varying  inhomogeneities  In  the  rod  at  different  pump  levels, 

.niid  bo  .some  extent  to  dust  particles  on  the  rod  end,  as  well  as  to  various 
i'b)i!:r  causes. 

'l.'lic  results  which  have  been  presented  here  are  taken  to  give  good 
'.,’1  imI'I. I'liiabion  of  the  unstable  resonator  theory,  at  least  in  its  elementary 
‘.'d.ui'rr, ,  Our  further  experimental  efforts  on  this  and  similar  rods  will 
Im;  chiefly  concerned  with  discovering  whether  these  oscillations  occur,  . 

I.:  di'uiircd,  in  a  .single  lowc.st-ordcr  diffraction-limited  transverse  mode. 
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DISCUSSION  AND  CONCI.USTONS 


As  an  addendiim  to  the  discussions  given  earlier  in  this  paper  concern¬ 
ing  transverse  mode  con:{;roI  and  dl '  ;'racL,i  on  losses,  we  wish  to  advance  the 
follov/ing  tentative  hypothoscc.  First,  the  absolute  difference  in  losses 
and  hence  the  mode  discrimination  among  lov/'-ordcr  transverse  modes  is  likely 
to  he  small  in  any  resonator  with  a  large  Fresnel  number,  whether  the  dif¬ 
fraction  losses  are  small  as  in  a  stable  resonator  or  large  as  in  an  unstable 
resonator.  But,  a  ruby  rod  of  any  reasonable  proportions  has  inevitably  a 
large  Fresnel  number,  making  mode  selection  difficult. 

Second,  the  next  higher-order  transverse  mode  in  an.  unstable  resonator 
such  as  those  discussed  here,  for  example;  in  the  infinite  strip  case,  is 
likely  to  be  an  asymmetrical  mode  with  very  much  the  same  mode  pattern 
and  curvat.urcs  as  the  lowest -order  mode,  but,  with  a  null  along  the  resonator  , 
axis,  a  180“^  pha.se  shift  between  the  two  sides,,  and  a  very  slightly  larger 
diffract. Lon  .spreading  of  the  outer  edge  of  the  mode, 

The  third  hypotliosl.o  is  rol,ated  to  this.  We  propose  that  if^  for 
axarnple,  the  mirror  011  the  back  or  curved  end  in  Fig.  11  i.s  trimmed  to 
."'Ust  the  else  of  the  geometrically  predicted  siiot  on  that  end,  then  the 
lowest-order  mode  will  have  a  slight  loss  past  the  edges  of  this  mirror 
which  -v/ill  be  a  diffra.ction  lo.s::  in  the  true  sense  of  the  phrase.  More 
important,  it  is  proiJosed  that  the  next  higher-order  transverse  mode  will 
experience  a  significantly  larger  diffraction  loo.s  past  this  same  edge. 


Although  these  losses  will  be  small  compared  to  tbe  large  loss  at  the  op¬ 
posite  end,  they  may  represent  sufficient  mode  discrimination  to  achieve 
selection  of  the.  lo^st.- order  mode.  This  type  of  mode  ,  selection,  if  work¬ 
able,  will  have  some  practical  advantages  over  such  methods  as  the  pinhole 
mode  selector,  which  suffers  from  breakdown  and  damage  due  to  the  high 
energy  density  at  the  pinhole.  Future  experimental  work  will  explore  this 
type  of  mode  control. 

In  general,  we  conclude  that  the  simple  analysis  presented  here  does 
give  a  good  first-order, description  of  the  lowest-order  mode ' and  its  losses 
in  the  general  unstable  resonator.  The  analysis  has .been  verified  by  ex-  ' 
periment  and  by  comparison  with  more  exact  treatments.  Unstable  laser 
resonators  may  be  of  practical  importance  for  high -gain  lasers,  Such  as 
ruhy  laser  and  other  types,  particularly  in  obtaining  a  diffraction- 
coupled  output. 


ACPOSrOl^LEDGBMBNTS 


It  is  a  pleasure  to  acknowledge  the  helpful  contributions  to  the 
experimental  measurements  which  were  made  by  James  G.  O'Brien  and 
James  W.  Allen,  and  to  the  fabrication  of  the  curved  end  rod  which  was 
done  by  Forrest  Futtere,  The  suggestion  of  trying  a  divergent  end  rod 
for  transverse  mode  control  was  first  made  to  the  author  more  than  a  year 
ago  by  Prof.  Arthur  Sehawlow.  Ve  appreciate  the  support  of  this  work  by 
Contract  DA  3^(039)  SC-90839  from  the  U.  S.  Arny  Electronics  Command, 

Fort  Moiimouth,  N.  J. ;  and  by  Contract  AF  33(6l5)-l^ll  from  the  U.  S.  Air 
Force  Avionics  Laboratory,  Wrlglit -Patterson  AFB,  Ohio. 


HEi-'ERENCES 

1.  A.  G.  Fox  and  T.  Li,  Pi'oc.  :.RE  'j8,  19 Jh  (±9d0). 

2.  A.  G.  Fox  and  T.  Li,  Bell  Syo.  Tech.  J.  L53  (1961). 

3.  A.  G.  Fox  and  T.  Li,  Proc.  IEEE  80  (I963). 

4.  A.  G.  Fox  and  T.  J  "Modes  in  a  maser  interferometer  with  curved 

mirrors,"  Quantum  Electronics  III.  (Columbia  University  Press, 

New  York,  1964),  vol.  2,  -p.  1263- 

V 

5.  G.  D.  Boyd  and  J.  P.  Gordon,  Bell  Sys.  Tech.  J.  hO,  489  (1961). 

6.  G.  D.  Boyd  and  H.  Kogelnik,  Bell  Syc',  Tech.  J.  4T,  134?  (19.62). 

7.  s.  R.  Barone,  J.  Appl.  Phys.  84,  83I  (1963,  Part  l). 

8.  S.  P.  Morgan,  IEEE  Trans.  MPT -11,  I9I  (I963). 

9.  R.  F.  Soohoo,  Proc.  lEE^ 51,  TO  (I963). 

10.  P.  Sr.ulk.in,  Bull.  Acad.  Poln.  Sci.  Ser.  Sci.  Tech.  (Poland)  8,  63O 

(i960). 

11.  C.  L.  Tang,  Appl.  Optics  1,  f68  (I962). 

12.  A.  G.  Fox,  et  al,  Appl.  Optics  2,  544  (I963). 

13.  L.  A.  Vainshtein,  Sov.  Phys.  -  JETP,  709  (I963). 

14.  L.  A.  Vainshtein,  Sov.  Phys.  -  JETP  I8,  471  (1964). 

15-  L.  Bergst  in  and  H.  Schachter,  J.  Opt.  Soc.  Am.  54,  887  (1904). 

16.  J.  T.  LaTourette,  S.  F.  Jacobs,  and  P.  Rablnowitz,  Appl.  Optics.  3.. 

981  (1964). 

17.  A.  Ssabo  and  F.  R.  Lipsett,  Proc.  IRE  50,  I69O  (1962). 


-  37  - 


IS.  W.  R.  Sooy,  R.  S,  Congleton,  B.  E.  Dobrata,  and  W.  K.  Ng,  "Dynamic 

V  •  •  • 

llmltationc  on  the  attainable  inversion  in  ruby  lacero,"  Quantum 
Electronics  III  (Columbia  University  Press,  I96U),  vol.  2,  p.  IIO3. 

19.  R.  J-  Collins,  and  J.  A.  Glordmaine,  "New  modes  of  optical  oscillation 
in  closed  resonators,"  Quantum  Electronics  III.  (Columbia  University 
Press,  1964),  vol.  2,  p.  I239. 

20.  T.  Li,  Private  communication. 


-  38  - 


SCIENTIFIC  AND  TECHNICAL  INFORMATION  FACIIITT 

op9fat*d  for  National  Aoronaufict  and  Spot*  Adminittration  by  Documuntaficn  Incorpcraied 

LOAN  OOCUHENT  TRANSMITTAL 

Please  attach  a  copy  of  this  form  to  any  loan  documents  sent  to  the  Sclent! fi‘ 
and  Technical  Information  Facility.  A  single  copy  of  this  form  and  the  document 
should  be  sent  to  the  following  address: 

Scientific  and  Technical  Information  Facility 
Attention:  NASA  Representative 
Box  5700 

Bethesda  I4,  Maryland 


time. 


Every  effort  will  be  made  to  return  this  document  In  the  shortest  possible 
Please  complete.  Date  sent:^0V  1  7 

national  AtRONAIiTICL  ANO  'PPK  AsWISINAIIffll 


21000  RD. 

"C'lEVL'LAN^  3  5,  QIHQ 

ATT:  LiBRART 


r;/ 

\y  chc 


checked  for  N  numbers 


numbers  checked  against  N-62  numbers 

See  other  side  for  NASA  contractor  report 


For  Facility  Use  Only 


LOAN  DOCUMENT  PROCESSING  RECORD 


Date  received: 


THIS  DOCUMENT  IS  ON  LOAN 


Please  process  as  follows: 
j _ Film  for  Microform  and  make  Xerox  copy 

□  Microform  completed 

□  Xerox  copy  made 

^  I  Xerox  copy  sent  to  Input  Station 
I  I  Original  sent  to  Mall  Room 
I  I  Document  returned  to  sender 


Initials 


THIS  LOAN  DOCUMENT  FORM  MUST  BE  SENT  TO  THE  CASE  FILE 


Facility  Test  Form  ,  Sept.  1962 


COMPLETE  FOR  NASA  CONTRACTOR  DOCUMENTS  ONLY 


DOCUMENT  TYPES 

Report  is  unclassified  and  Is  suitable  for  unlimited  announcement 
and  distribution  to  the  aeronautics  and  space  communltYt  and  for 
pub  I i c  sale^ 

Report  Is  unclassified,  but  contains  Information  of  limited  use¬ 
fulness  and  does  not  Justify  widespread  automatic  distribution  to 
the  aeronautical  and  space  community.  !t  can,  however,  be  an¬ 
nounced  and  made  publicly  available. 

Report  Is  unclassified,  but  for  official  reasons,  must  be  restricted 
as  fo 1 1 ows : 

a.  _  Government  agencies  and  their  contractors  only. 

b.  _  Government  agencies  only. 

c.  _  NASA  activities  only. 

Report  bears  a  security  classification  and  is  suitable  for  distrlbutio 
within  the  limits  of  security  considerations  to: 

a.  _ Government  agencies  and  their  contractors  only. 

b.  ____  Government  agenc lesion  I  y. 

c.  _  NASA  activities  only. 

Reprint  of  a  Journal  article  reporting  NASA-supported  work. 

Article  prepared  for  Journ^  publication  (preprint  or  other  copy) 
reporting  NASA-supported  work.  (Normally  handled  as  No.  2  above.) 

Estimated  date  of  publication:  ________________ 

Material  for  presentation  at  a  meeting  or  conference 

Name  of  Meeting;  _  Date: _ 

Sponsor(s);  _ _ 

a.  _ _  Scheduled  for  publication  in  proceedings.  (Normally  handled 

as  No.  2  above.) 

Estimated  date  of  publication:  _ 

Not  scheduled  for  publication  in  proceedings  and  subject  to  the 
following  limitations  or  announcement  and  dissemination: 

b.  _  Government  agencies  and  their  contractors  only. 

c.  _  Government  agencies  only. 

d.  ___  NASA  activities  only. 


